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Equation of state of the one- and three-dimensional Bose-Bose gases
Emerson Chiquillo
Escuela de F´ısica, Universidad Pedago´gica y Tecnolo´gica de Colombia (UPTC),
Avenida Central del Norte, 150003 Tunja, Colombia
We calculate the equation of state of Bose-Bose gases in one and three dimensions in the framework
of an effective quantum field theory. The beyond-mean-field approximation at zero-temperature and
the one-loop finite-temperature results are obtained performing functional integration on a local
effective action. The ultraviolet divergent zero-point quantum fluctuations are removed by means
of dimensional regularization. We derive the nonlinear Schro¨dinger equation to describe one- and
three-dimensional Bose-Bose mixtures and solve it analytically in the one-dimensional scenario. This
equation supports self-trapped brightlike solitonic-droplets and self-trapped darklike solitons. At
low temperature, we also find that the pressure and the number of particles of symmetric quantum
droplets have a nontrivial dependence on the chemical potential and the difference between the
intra- and the inter-species coupling constants.
PACS numbers: 67.60.Bc, 03.70.+k, 31.15.xk, 03.75.Lm
I. INTRODUCTION
The Bose gases at zero temperature have been stud-
ied extensively for over 60 years. The main tool in this
study lies in the use of the mean-field Gross-Pitaevskii
equation (GPE). The leading quantum corrections to the
mean-field results for the three-dimensional (3D) Bose
gas were calculated by Lee, Yang, and Huang by using
the pseudopotential method [1, 2]. In the last years, some
experiments with 3D ultracold and dilute atomic gases
[3] have put in evidence beyond-mean-field effects in the
equation of state of repulsive bosons. The quantum de-
pletion of an interacting homogeneous 3D Bose-Einstein
condensate (BEC) is measured in good agreement with
the Bogoliubov theoretical results [4]. A nonperturba-
tive renormalization-group approach is employed in the
study of a quasi-two-dimensional (quasi-2D) Bose gas
with or without an optical lattice [5]. Both the chem-
ical potential and the interaction constant dependencies
are in good agreement with experimental data. Re-
cently, the formalism of functional integration at zero
and finite temperature is consider to derive the equation
of state in one-, two-, and three-dimensional ultracold
single-component Bose gases [6]. This work shows that
the ultraviolet divergent zero-point energy arising in the
Gaussian fluctuations is removed by dimensional regular-
ization. The functional integration is also used to investi-
gate the nonuniversal corrections to the equation of state
in three-dimensional Bose gases [7]. The highly nontriv-
ial two-dimensional (2D) Bose gas is investigated in Ref.
[8]. Even at zero temperature, the first quantum cor-
rection beyond-mean-field approximation of Bose gases
with magnetic atoms has revealed the crucial role played
by the quantum fluctuations both experimentally [9] and
theoretically [10].
At present, Bose-Bose mixtures at zero temperature
in one, two, and three dimensions have attracted great
interest [11, 12]. In the study of these mixtures the com-
petition between the mean-field term and the beyond-
mean-field correction leads to the possibility of the for-
mation of a droplet phase. The superfluidity of two
weakly interacting Bose gases at finite temperature also
has been studied in the frame of the Bogoliubov model
[13]. In a mixture of two interacting repulsive Bose con-
densates in a quasi-one-dimensional (quasi-1D) geometry,
a finite-temperature path-integral Monte Carlo method
is employed to study the effect of both temperature and
inter-species interactions on the density profile and the
superfluid fraction [14]. The hydrodynamic modes of
partially condensed Bose mixtures within Popov’s ap-
proximation are studied in [15]. The investigation of
the effects of quantum fluctuations in a 3D Rabi cou-
pled two-component Bose gas of interacting alkali atoms
is performed in [16]. Also it is important to stress the
experimental achievements with mixtures of ultracold
and dilute gases of 39K atoms in two hyperfine states,
|F = 1;mF = −1, 0〉. These experimental breakthroughs
have put in evidence beyond-mean-field effects on the
equation of state of Bose-Bose mixtures. The observa-
tion of quantum droplets in a 1D lattice is reported in
[17]. Self-bound droplets in free space solely stabilized by
the contact interactions are obtained in [18]. An attrac-
tive mixture of BECs confined in an optical waveguide
shows two types of self-bound states, bright solitons and
quantum liquid droplets [19].
In this work we investigate the effect of the quan-
tum Gaussian fluctuations at zero and finite tempera-
ture in 1D and 3D Bose-Bose mixtures through an ef-
fective quantum field theory. We derive the equation
of state for both D-dimensional Bose-Bose mixtures by
means of functional integration. We include dimensional
regularization of the zero-point energy. Interestingly, we
find that within a local density description, the nonlinear
Schro¨dinger equation (NLSE) to describe 1D free Bose-
Bose mixtures has analytical spatially localized solutions
in the form of self-bound brightlike solitonic droplets and
self-bound darklike solitons. Our finite-temperature re-
sults generalize some those obtained at zero-temperature
by using suitable scattering arguments in the regime of
perturbative expansions [11, 12]. We also find an exten-
2sion of the equation of state of single-component Bose
gases [6].
II. D-DIMENSIONAL FUNCTIONAL
INTEGRATION OF THE BOSE-BOSE
MIXTURES
We investigate the interacting dilute and ultracold
Bose-Bose gases with two relevant hyperfine states (↑, ↓),
in D spatial dimensions (D= 1,3), at temperature T ,
equal-mass m, and chemical potentials µ↑, µ↓. In this
study we use the path-integral formalism, where each
component is described by a complex bosonic field ψα
(α =↑,↓). So, given the spinor Ψ = (ψ↑, ψ↓)T , the Eu-
clidean Lagrangian density in a D-dimensional box of
volume LD is given by
L [Ψ,Ψ∗] =
∑
α=↑,↓
[
ψ∗α
(
~
∂
∂τ
− ~
2
2m
∇2 − µα
)
ψα
+
1
2
∑
σ=↑,↓
gασ|ψα|2|ψσ|2
]
, (1)
where the fields are considered at the position r and
the imaginary time τ . Here, we consider a repulsive
mixture where gαα, gασ > 0 are the strengths of the
intra- and the inter-species coupling constants, respec-
tively. These couplings are related to the s-wave scat-
tering lengths aαα, aασ for collisions between the compo-
nents α and σ in the universal regime. In this regime,
the interaction effects between atoms could be estimated
by means of the s-wave scattering length. Thus all
the interatomic potentials with the same s-wave scat-
tering length will have the same properties to leading
order in the low-density expansion [20–22]. At higher
order in the low-density expansion, the properties will
depend on the details of the interatomic potential and
we have nonuniversal effects. These s-wave scattering
lengths depend on the dimensionality of the system as it
is discussed later. Thermodynamic properties of the sys-
tem can be obtained from the grand canonical partition
function Z = ∫ D[Ψ,Ψ∗] exp ( − S[Ψ,Ψ∗]/~), where the
action is given by S[Ψ,Ψ∗] =
∫ ~β
0
dτ
∫
LD
dDrL [Ψ,Ψ∗]
and β ≡ 1/kBT , with kB the Boltzmann’s constant.
We consider the superfluid phase, where a U(1) gauge
symmetry of each component is spontaneously broken
[16]. Then we can set ψα(r, τ) =
√
nα + ηα(r, τ),
where
√
nα corresponds to the mean-field approxima-
tion, with nα = |ψα|2 the three-dimensional density of
the condensate or one- and two-dimensional quasicon-
densate density [22, 23]. The Gaussian fluctuations (one
loop) around
√
nα are given by ηα(r, τ). In order to
calculate the ground state of the D-dimensional mix-
tures, we expand the action up to the second order in
ηα(r, τ) and η
∗
α(r, τ) [15]. Then, the grand potential
Ω = −β−1 lnZ, can be split as Ω(µ↑, µ↓,√n↑,√n↓, T ) =
Ω0(µ↑, µ↓,
√
n↑,
√
n↓) + Ωg(µ↑, µ↓,
√
n↑,
√
n↓, T ), where
Ω0 is the mean-field contribution, while Ωg takes into
account Gaussian fluctuations.
III. MEAN-FIELD APPROXIMATION
Using the Bogoliubov approximation, we consider 1D
and 3D Bose-Bose mixtures, where
Ω0
LD
=
∑
α=↑,↓
(
− µαnα + 1
2
∑
σ=↑,↓
gασnαnσ
)
. (2)
Since we want
√
nα to describe the 3D BEC or quasi-1D
BEC, then in the action, the linear terms in the fluctu-
ations vanish such that
√
nα really minimizes the action
[24]. Then the mean-field approximation is obtained by
minimizing Ω0, namely ∂Ω0/∂
√
nα = 0 [6], so
µα = gααnα + gαλnλ (3)
with α, λ =↑, ↓ and α 6= λ. Thus, taking into account the
relation P0 = −Ω0/LD, the mean-field equation of state
is given by
P0(µ↑, µ↓) =
1
2
∑
α
gααµ
2
λ − gαλµαµλ
gααgλλ − g2αλ
(4)
with α, λ =↑, ↓ and α 6= λ. In the low-energy limit of
the two-body scattering, the Lippman-Schwinger equa-
tion renormalizes the coupling constant of the contact
interaction between particles [6, 24]. In this theory we
have that for the 3D Bose-Bose gases the strength of the
interaction can be written as
gασ ≡ 4π~
2aασ
m
. (5)
The solution of the one-dimensional atom-atom scatter-
ing problem within the pseudopotential approximation
provides an effective 1D coupling constant for atoms in
the presence of transverse harmonic confinement with
trapping frequency ω⊥, and length of the transverse trap
l⊥ =
√
~/(mω⊥) [25]. Here we consider an extension to
1D Bose-Bose gases where gασ represents the effective 1D
coupling constant. This can be read as [22, 25]
gασ ≡ 2~
2
ml2⊥
aασ
1− Caασ/l⊥ , (6)
where C = −ζ(1/2)/√2 ≃ 1.0326, with ζ(x) denoting
the Riemann’s zeta function. It is worth noting that
the transversal confinement induces a resonant behavior
of the 1D coupling constant called confinement-induced
resonance (CIR). This occurs when aασ ∼ 0.968l⊥. So,
an effective and repulsive 1D potential is only achieved
in the range 0 < aασ < 0.968l⊥. On the other hand, a
simple 1D coupling constant is obtained in the 1D mean-
field regime [22, 25]. As long as the radial confinement,
fixed by the radial oscillator length, is much greater than
the scattering length, l⊥ ≫ aασ, the transverse ground
state can be modeled with a Gaussian profile and the
3coupling constant takes the form gασ = 2~
2aασ/ml
2
⊥.
The effective and repulsive 1D potential is reached in the
semi-infinite range aασ > 0. This mean-field result holds
under the condition l⊥/aασ ≫ 1 on the renormalized and
effective 1D coupling constant given by Eq. (6).
IV. BEYOND-MEAN-FIELD CORRECTIONS
The grand potential of the Gaussian fluctuations
Ωg(µ↑, µ↓, T ) is provided by
Ωg = − 1
2β
+∞∑
k>0
n=−∞
ln
[
(~2ω2n + E
2
+)(~
2ω2n + E
2
−)
]
, (7)
with the bosonic Matsubara’s frequencies ωn = 2πn/~β,
and the Bogoliubov’s modes E±(k, µ↑, µ↓) = [ε
2(k) +
2ε(k)f2±(µ↑, µ↓)]
1/2. Here, we have the free-particle en-
ergy ε(k) = ~2k2/2m, and the function f±(µ↑, µ↓) is de-
fined by
f2± =
ξ
2
[
A+B ±
√
(A−B)2 + 4ǫAB
]
, (8)
where ξ = [g↑↑g↓↓(1 − ǫ)]−1, ǫ = g2↑↓/g↑↑g↓↓, A =
g↑↑(g↓↓µ↑ − g↑↓µ↓), and B = g↓↓(g↑↑µ↓ − g↑↓µ↑). The
sum over the bosonic Matsubara’s frequencies given by
Eq. (7) can be read as [26]
Ωg =
1
2
∑
k,±
[
E± +
2
β
ln
(
1− e−βE±)]. (9)
Thus, in the grand potential, the contribution to
the quantum Gaussian fluctuations can be written as
Ωg(µ↑, µ↓, T ) = Ω
(0)
g (µ↑, µ↓)+Ω
(T )
g (µ↑, µ↓), where Ω
(0)
g is
given by the first term in Eq. (9), and it represents the
zero-temperature contribution to the fluctuations. Ω
(T )
g
is given by the second term in Eq. (9), and it considers
the thermal Gaussian fluctuations. This last contribu-
tion to the grand potential is tantamount to that of the
microscopic Popov’s theory [15], employed in the study
of the hydrodynamic modes of partially condensed two-
component Bose mixtures. However, it is worth noting
that in that work, the first term given by our Eq. (9)
is not considered. This is key to explaining the exis-
tence of zero-temperature quantum droplets [11, 12]. In
the continuum limit, where
∑
k → LD
∫
dDk/(2π)D, the
zero-point grand potential Ω
(0)
g is ultraviolet divergent at
any integer dimension D, namely, D = 1, 2, 3. However,
this divergence can be eliminated by dimensional regular-
ization [6, 21, 27]. Thus, the zero-point grand potential
of a repulsive D-dimensional Bose-Bose mixture can be
written as
Ω(0)g (µ↑, µ↓) = γD
∑
±
fD+2± (µ↑, µ↓), (10)
where
γD =
LD
Γ(D/2)
( m
π~2
)D/2
B
(D + 1
2
,−D + 2
2
)
(11)
with the Euler’s Beta function B(x, y) = Γ(x)Γ(y)/Γ(x+
y), and Γ(x) the Euler’s Gamma function. It is worth
mentioning that the regularization of the 2D Bose-Bose
gases requires a more elaborated treatment. For a single-
component 2D Bose gas, the two-dimensional integral
is extended to a noninteger D = 2 − ε dimension, and
the limit ε → 0 is applied at the end of the calcula-
tion [6, 8]. For the 1D Bose-Bose mixtures we have
an attractive term, γ1 = −(2L/3π)(m/~2)1/2, while for
the 3D Bose-Bose mixtures we have a repulsive one,
γ3 = (8L
3/15π2)(m/~2)3/2. Thus, taking into account
the relation P (0) = −Ω(0)g /LD, we can easily obtain the
pressure of one- and three-dimensional Bose-Bose gases.
So, at zero temperature, the equation of state in the uni-
versal regime beyond-mean-field approximation, or the
Lee-Huang-Yang (LHY) contribution, can be read as
P (0)(µ↑, µ↓) = − γD
LD
∑
±
fD+2± (µ↑, µ↓). (12)
Now, using the mean-field term given by Eq. (2), the
coupling constants (5) and (6), and the grand potential
provided by the Eq. (10), we get an explicit form of the
energy of the D-dimensional Bose-Bose gases including
the LHY term
ED
LD
= P0 +
γD
LD
∑
±
fD+2± . (13)
From relation (3), we also obtain the energy in terms of
the density [11, 12],
ED
LD
=
1
2
∑
α,σ=↑,↓
gασnαnσ +
γD
LD
∑
±
cD+2± , (14)
where the sound velocities c±, are defined by [12]
2c2± =
∑
α=↑,↓
gααnα ±
(
∆2gn + 4g
2
↑↓n↑n↓
)1/2
. (15)
with ∆gn = g↑↑n↑ − g↓↓n↓. In Eq. (15) the sign +(−)
corresponds to the two fluids moving in phase (out of
phase). The branch c− could be negative for g11g22 < g12
indicating that the state is unstable and the modes grow
exponentially with time [28]. From Eq. (14), we get the
respective D-dimensional chemical potential as
µD(n↑, n↓) =
∑
α,σ=↑,↓
gασnα +
γ′D
LD
[
(g↑↑ + g↓↓)(c
D
+ + c
D
−)
+ (∆+∆′)(cD+ − cD−)
]
(16)
where γ′3 = 5γ3/4, γ
′
1 = 3γ1/4, ∆ ≡ [g↑↑(g↑↑n↑−g↓↓n↓)+
2g2↑↓n↓]/δ, ∆
′ ≡ [−g↓↓(g↑↑n↑ − g↓↓n↓) + 2g2↑↓n↑]/δ, and
δ ≡ [(g↑↑n↑ − g↓↓n↓)2 + 4g2↑↓n↑n↓]1/2. In the case n↑ ≡
n, n↓ = 0, g↑↑ ≡ g, and g↓↓ = g↑↓ = 0, our results
are tantamount to those given by the single-component
Bose gases in one dimension [29], and the results in three
dimensions [1, 6].
Recently it has been showed that at zero temperature
the quantum fluctuations can stabilize the Bose-Bose
4mixtures and for a finite particle number the system gets
into a droplet phase [11, 12]. In order to study not only
droplets but also quasi-1D BECs and 3D BECs beyond
mean-field approximation we consider the case of equal
intra-species coupling constants g↑↑ = g↓↓ ≡ g. We also
consider a symmetric configuration with n↑ = n↓ ≡ n/2,
where the two internal states are equally populated.
In the following analysis we discuss the regime of re-
pulsive intra- and attractive inter-species interactions.
We introduce the relation between coupling constants
as δg ≡ g − |g12| > 0 with δg ≪ g. This parameter
makes use of the fact that experimental setups of mix-
tures of hyperfine states of bosonic alkali atoms are close
to the separation instability. The zero-temperature num-
ber density of the droplets nD can be derived from the
thermodynamic relation n(µ) = ∂P/∂µ. By using the
pressures given by Eqs. (4) and (12), we have
nD(µ) =
2µ
δg
− 2γ
′
D
LD
[
1 +
(2g
δg
)D/2+1]
µD/2. (17)
In order to study the density profile of a finite number
of particles in the droplet state, we describe the mixture
within an effective low-energy theory. We use the local
density approximation, which leads us to obtain a zero-
temperature D-dimensional NLSE of the form
i~∂tψ = − ~
2
2m
∂2Dψ +
1
2
δg|ψ|2ψ + 2 γ
′
D
LD
gD|ψ|Dψ,(18)
where gD ≡ gD/2+1[1+ (δg/2g)D/2+1], the respective D-
dimensional operator ∂2D, and the conditions of normal-
ization
∫ +∞
−∞
d3r|ψ(r, t)|2 = N , and ∫ +∞
−∞
dx|ψ(x, t)|2 =
N . In the particular case D = 1, the above quadratic-
cubic NLSE can support spatially localized solutions in
an explicit analytical form. These solutions preserve their
shape during the propagation as spatially self-trapped
solitons. Due to the solitonic nature of these solutions, we
name these self-bound solitonic droplets. Then we sought
solutions of the form ψ(x, t) = φ(x, µ) exp(−iµt/~), with
φ(x, µ) a real function and conditions ψ = 0 and dψ/dx =
0 as |x| → 0 [30]. Provided that µ < 0, we found that
ψ(x, t) may give rise to self-bound brightlike solitonic
droplets,
ψ(x, t) =
A
√
n0 exp (i|µ|t/~)
1 +
√
1− 3A/4 coshBx, (19)
where A = 3|µ|/2|µ0|, and B =
√
2m|µ|/~. The equi-
librium density n0 = mg
3
1/(π~δg)
2 is defined by the con-
dition ∂µ/∂n = 0 and µ0 = µ(n0) = −mg31/(2π2~2δg).
From Eq. (19), brightlike solitonic droplets are present
if |µ| < 8|µ0|/9. So this kind of droplet exists in a
finite band 8µ0/9 < µ < 0, rather than in the en-
tire semi-infinite band µ < 0. When (δg/2g)3/2 → 0
in gD, then g1 ≈ g3/2 and the droplet profile given
by Eq. (19) has the same structure to that previ-
ously obtained in Ref. [12], where the symmetric case
n↑ = n↓ ≡ n was considered. When one of the nonlin-
ear terms in the quadratic-cubic NLSE vanishes, the so-
lution describes solitons associated with the power-law
nonlinearity. For example, when δg = 0 the droplet
solution reduces to the brightlike soliton of the form
ψ(x, t) ∼ sech2(
√
m|µ|/2~2x) exp (i|µ|t/~).
Now, we study the NLSE for a very weak attractive
value of δg, i.e., δg . 0 with |g12| & g to ensure the
condition |δg| ≪ g, such that g1 = g3/2. In that case,
we have an instability in the fact that E−(k) becomes
complex for small momenta k ∼
√
m|δg|n. However, in
the most contributing region to the LHY term, i.e., for
k ≫
√
m|δg|n [11], both modes E±(k) are not affected
by the sign of small values of δg. So provided that µ < 0,
the quadratic-cubic NLSE also admits a different kind of
self-trapped darklike solitons of the form
ψ(x, t) =
C exp (i|µ|t/~)
1−√1 +D coshBx, (20)
where C = 3|µ|/
√
2|δg||µ′|, D = 9|µ|/8|µ′|, and |µ′| =
mg3/(2π2~2|δg|). Starting from this solution an alge-
braic soliton ψalg(x) can be obtained in the limit |µ| → 0.
The amplitude of such kind of solitons decays as a power
law of the form φ(x) ∼ |x|−2 for |x| → ∞ [30, 31]. So,
the soliton (20) reduces to
ψalg(x) = − 3~
2√
2|δg|m|µ′|
1
x2 + 9~2/16m|µ′| . (21)
Numerically, these algebraic solitons belong to a branch
of the unstable sechlike solitons [31]. As a result of this
instability, an initially perturbed algebraic soliton un-
dergoes a switching to a stable branch of the sech-type
solitons and it is accompanied by the large-amplitude os-
cillations.
Regarding the applicability of the 1D NLSE, note that,
in order to justify the inclusion of the LHY term as a local
contribution, the distances at which the density changes
should be large compared to the healing length [32]. The
density changes at distances ξ− = ~/(
√
2mc−), where
c− = nδg/2, while the LHY term is considered at dis-
tances comparable to ξ+ = ~/(
√
2mc+), with c+ = gn.
As g ≫ δg, the large separation of scales, ξ+ ≪ ξ−, jus-
tifies the use of the LHY term as a local contribution in
the 1D NLSE.
V. FINITE-TEMPERATURE RESULTS
In the continuum limit, the one-loop contribution to
the grand potential at finite temperature is obtained from
the second term of Eq. (9), and it is written as
L−DΩ(T )g (µ↑, µ↓) = AD
∑
±
∫ +∞
0
dE±(k)
kD±
eβE±(k) − 1 ,(22)
where A3 = −(6π2)−1 and A1 = −π−1. Introducing the
variable x± = βE±, we get
L−DΩ(T )g (µ↑, µ↓) =
AD
β
∑
±
∫ +∞
0
dx±
kD± (x±, f±, T )
ex± − 1 ,(23)
5where k2±(x±, f±, T ) is given by
k2±(x±, f±, T ) =
2mf2±
~2
(√
1 +
x2±
β2f4±
− 1
)
. (24)
The thermal contribution to Ω
(T )
g is affected by two-
body interactions through the dependence of the Bogoli-
ubov modesE±(k) on the intra- and inter-species interac-
tion coupling constants gαα and gασ [22]. The one-loop
contribution to the equation of state of D-dimensional
Bose-Bose gases at low temperature can be calculated by
means of the expansion of the Eq. (23). This integral
yields the result
P
(T )
D = −AD(kBT )D+1
∑
±
( m
~2f2±
)D/2[
Γ(D + 1)ζ(D + 1)
− D
8
(kBT
f2±
)2
Γ(D + 3)ζ(D + 3)
]
(25)
holding for kBT ≪ mc2± [22]. In a very weak-interacting
Bose-Bose mixture at finite temperature, the contribu-
tion of f± increases the role of the high corrections to
the equation of state. This is achieved providing that
both the intra- and the inter-species coupling constants
tend to zero. Now, we derive the thermal equation of
state for symmetric droplets. We assume g↑↑ = g↓↓ ≡ g,
n↑ = n↓ ≡ n/2 with δg ≡ g−|g12| > 0 and δg ≪ g. Thus
P
(T )
D = −AD(kBT )D+1
( m
~2µ
)D/2[
ǫ1Γ(D + 1)ζ(D + 1)
− ǫ2D
8
(kBT
µ
)2
Γ(D + 3)ζ(D + 3)
]
, (26)
where ǫ1 = [1+(δg/2g)
D/2], and ǫ2 = [1+(δg/2g)
D/2+2].
Equation (26) generalizes some zero-temperature results
achieved in Refs. [11, 12]. We also obtain the number
density of the quantum droplets at finite temperature,
n
(T )
D = AD(kBT )
D+1 D
2µ
( m
~2µ
)D/2[
ǫ1Γ(D + 1)ζ(D + 1)
− ǫ2
4
(D
2
+ 2
)(kBT
µ
)2
Γ(D + 3)ζ(D + 3)
]
. (27)
VI. CONCLUSION
We derive the equation of state at zero and finite tem-
perature for one- and three-dimensional dilute and ul-
tracold Bose-Bose mixtures of alkali atoms. We per-
form one-loop functional integration and the ultraviolet
divergent zero-point energy is removed through dimen-
sional regularization. Our findings also show that the 1D
NLSE to describe Bose-Bose gases supports analytical
self-trapped brightlike solitonic droplets and self-trapped
darklike solitons. Our analytical results at finite temper-
ature are a nontrivial generalization of those obtained by
using the standard Bogoliubov theory at zero temper-
ature [11, 12]. We believe that our theoretical predic-
tions could stimulate interesting experimental work in
the study of beyond-mean-field effects in Bose-Bose mix-
tures. As an extension of the present work, it may be
interesting to verify the validity of our results by means
of the quantum Monte Carlo technique. Other important
questions, such as those that consider the finite-range ef-
fects of the interatomic potential, remain to be investi-
gated in the future.
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